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^r , Abstract: We perform a detailed analysis of one-loop corrections to the self-energy of 

\^ ', the (off-shell) gauge bosons in six-dimensional J\f = 1 supersymmetric gauge theories on 

^^ I orbifolds. After discussing the Abelian case in the standard Feynman diagram approach, 

r^ I we extend the analysis to the non- Abelian case by employing the method of an orbifold- 

I ' compatible one-loop effective action for a classical background gauge field. We find that 

JTT^' bulk higher derivative and brane-localised gauge kinetic terms are required to cancel one- 

,^ ■ loop divergences of the gauge boson self energy. After their renormalisation we study the 

^ . momentum dependence of both the higher derivative coupling h{k'^) and the effective gauge 

K> ! coupling gcs{k^)- For momenta smaller than the compactification scales, we obtain the 4D 

H I logarithmic running of 5eff(^^)) with suppressed power- like corrections, while the higher 

■ " " ' derivative coupling is constant. We present in detail the threshold corrections to the low 

energy gauge coupling, due to the massive bulk modes. At momentum scales above the 

compactification scales, the higher derivative operator becomes important and leads to a 

power-like running of gcs{k'^) with respect to the momentum scale. The coefficient of this 

running is at all scales equal to the renormalised coupling of the higher derivative operator 

which ensures the quantum consistency of the model. We discuss the relation to the similar 

one-loop correction in the heterotic string, to show that the higher derivative operators are 

relevant in that case too, since the field theory limit of the one-loop string correction does 

not commute with the infrared regularisation of the (on-shell) string result. 
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1. Introduction 

In recent years, the study of additional compact space dimensions in an effective field the- 
ory framework [1] has been popular in the particle physics community, since this provides 
new possibilities for searching for physics beyond the Standard Model. Although string 
theory may present a better set-up for such studies, effective field theories also allow a 
fully consistent investigation of quantum effects associated with (large) extra dimensions. 



and may even capture effects not seen by the on-shell string. Since no additional space 
dimensions are observed at low energies, these have to be compactified at sufficiently high 
scales^. In field theory approaches only simple covering spaces are usually considered, 
such as S^, T^..., sufficient however to capture the main effects investigated. To obtain 
4D chiral fermions from bulk fields discrete symmetries must act (non-freely) upon the 
extra dimensions, resulting in orbifolds such as S^/'E2 or T'^/'Ej^ (N = 2,3,4,6). These 
orbifolds have fixed points, invariant under subgroups of the discrete group action. Since 
the bulk fields satisfy boundary conditions at the orbifold fixed points, momentum con- 
servation does not hold in the extra dimensions. Ultimately, brane-localised (either 4D or 
higher derivative) interactions are required as counterterms [3-7], to ensure the quantum 
consistency of the models. New bulk interactions, in addition to the original ones, are also 
generated dynamically [7-12] as higher dimensional (derivative) terms. 

In this paper we consider the one-loop correction to the self-energy of gauge bosons in 
6D M = 1 supersymmetric Abelian and non-Abelian gauge theories coupled to hypermulti- 
plets on the T^/Z2 orbifold, within the component field formulation. We find that one-loop 
divergences are generated which require the addition of new counterterms. These involve 
new, brane-localised 4D interactions as well as higher derivative, bulk gauge interactions, 
not present in the original action. We provide a careful study of the role of these operators 
in the running of the gauge coupling at high and low momentum scales. We also discuss 
the link between these one-loop corrections and those in string theory. These are the main 
purposes of this paper. Recent work on this topic can be found in [9, 10] in the superfield 
formalism (for related studies see also [13]). 

In the Abelian case, we use the Feynman diagram approach to consider bulk scalar and 
fermion contributions to the self-energy of the gauge bosons. We find that the fermions 
give rise to a bulk divergence only, requiring a bulk higher derivative counterterm. At 
the technical level, the origin of this divergence is the presence of infinite double sums 
over the modes and a re-summation of their individual divergent contributions [5-7, 9- 
11,14]. In contrast, bulk complex scalars bring in both bulk and brane corrections. Their 
divergent part must be cancelled by bulk higher derivative and brane-localised gauge kinetic 
counterterms, respectively. Both fermionic and bosonic contributions also contain finite 
Lorentz violating mass terms in the bulk. For a hypermultiplet there are neither brane 
contributions nor bulk Lorentz violating mass terms. Thus, even after compactification, 
the Lorentz invariance in these mass corrections is protected by the initial super symmetry. 
Nonetheless, one still needs a bulk higher derivative counterterm, which reflects the non- 
renormalisable nature of the initial, higher dimensional field theory. 

The above analysis is extended to the non-Abelian case by employing a background field 
method which is made consistent with the orbifold boundary conditions. This formalism 
can be generalised to other orbifold actions, such as Wilson lines. The results show that a 
hypermultiplet generates only a bulk loop correction, just like in the Abelian case, while a 
vector multiplet generates both bulk and brane-localised contributions. These contributions 
contain divergent terms which are cancelled by bulk higher derivative and brane-localised 



'^ Non-compact, infinite extra dimensions are also possible [2]. 



gauge kinetic counterterms. After the renormalisation of these operators, the running of the 
one-loop effective couphng geg^k"^), which is the couphng of the zero mode gauge bosons, 
is controlled by finite terms coming from both bulk and branes. This will be discussed in 
detail. 

In the limit of external momenta /c^ smaller than the compactification scale(s), the 
higher derivative gauge kinetic term is suppressed. In this case, after considering both 
bulk and brane one- loop effects, we show that the effective gauge coupling has a 4D log- 
arithmic running with respect to the momentum k"^, with the 4D M = 1 beta function. 
This is an interesting result and a consistency check of our calculation. The logarithmic 
running in momentum originates from both bulk and brane contributions. We also estab- 
lish a relation between the high scale physics (51100) and (7cff(^^ ^ l/^i e)' which involves 
re-summing threshold corrections due to infinitely many massive Kaluza-Klein modes. We 
provide detailed expressions of these corrections including finite terms. This relation is 
little dependent on the role of the higher derivative operator, strongly suppressed at such 
low momentum scales. The running of the effective coupling with respect to k"^ can be ex- 
tended to larger values of fc^, closer to compactification scales (fc^ ~ 1/R'^q), to reach the 
regime of dimensional cross-over [15]. In this case the higher derivative operator brings in 
an important contribution to the effective gauge coupling. After its renormalisation, there 
are non- negligible power-like corrections in momentum scale to gcsik"^)- The coefficient of 
the power-like running is the renormalised coupling /i(/c^) of the higher derivative operator, 
which below the compactification scales is constant while far above them it runs logarithmi- 
cally with respect to the momentum scale. At even higher momentum scales k'^ ^ l/^i 6 
we show that gcsik'^) has a power-like running with respect to the high momentum scale, 
with a coefficient equal to the renormalised coupling of the higher derivative operator. 

The link of these corrections to similar results from string theory is addressed. We 
discuss the relation of our result to string corrections in the type I strings [16] and het- 
erotic toroidal orbifolds [17, 18] with J\f = 2 sub-sectors. Although the on-shell (heterotic) 
string calculation to the gauge boson self-energy misses contributions associated with higher 
derivative operators, we show that there are remnant effects of their presence, even in the 
(on-shell) string result. These effects are related to the fact that the infrared regularisation 
of the (heterotic) string loop corrections and their a' ^ limit do not commute, leaving 
a troublesome UV-IR mixing in the effective field theory regime of the (heterotic) string 
(a' -^ 0). This stresses the importance of investigating the role of such operators in string 
theory, too. 

The results for the self-energy of the gauge bosons in our component field formulation 
are fully consistent with those obtained in the superfield formulation. Nevertheless, the 
gauge fixing term and the associated ghost Lagrangian considered are not invariant under 
the original supersymmetry transformation. This is related to the well-known fact that 
the Wess-Zumino gauge is not consistent with a super-covariant gauge fixing [19]. This 
problem is very common in similar works, and becomes manifest in the fact that the 
anomalous dimensions of scalar and fermion matter fields in a chiral multiplet are not 
equal at one-loop level [20]. However, for our case of the self-energy of the gauge bosons, 
additional auxiliary multiplets required by a manifestly supersymmetric quantisation will 



not change the result, as discussed for the holomorphic anomaly to the gauge coupling in 
4D supersymmetric gauge theory [21]. 

The paper is organised as follows. We start with a 6D J\f = 1 supersymmetric Abelian 
gauge theory where the one-loop correction to the gauge bosons is computed. Then we 
employ the higher dimensional background field method to find the one-loop eff'ective action 
of non- Abelian gauge theories and apply this formalism to T^/Z2, using orbifold-compatible 
functional differentiations. Finally we discuss the running of the effective gauge coupling. 
Technical details of our calculations are given in the Appendix. 

2. One-loop vacuum polarisation to ^(1) gauge bosons on orbifolds 

We consider the one-loop vacuum polarisation in a 6D N = 1 supersymmetric Abelian 
gauge theory coupled to hypermultiplets. The two extra dimensions are denoted by the 
complex coordinate z = x^ + 'ixQ, and are compactified on the orbifold T"^ /'L2 with the two 
radii R^ and Rq. The torus is modded out by the Z2 reflection, which identifies coordinates 
of extra dimensions under z -^ —z. Under this Z2 action, there appear four fixed points 
which transform into themselves. 

In a 6D M = 1 supersymmetric gauge theory, a vector multiplet is composed of gauge 
bosons Am and (right-handed) symplectic Major ana gauginos A while a hypermultiplet 
is composed of two complex hyperscalars <j)± with opposite charges and a (left-handed) 
hyperino Tp. The supersymmetric action is given in component fields^ by [22] 

'-' — '-'vector ~r '-'hyper 

with 



Stjper = I d'^X Y, I^A/<A±|' + i^ii^'^DMi' + V2g(^A</.l + ^A^</.+ + c.c. 



(2.1) 



-g(^{D^ + iD^)^+ct>- + c.c)+gD^(^cf>lcP+-cP*_4>.) , (2.2) 

where A*^ = CsA'^ is the five-dimensional charge conjugate of A, Dm(J)± = {du T wA.M)(t>±, 
and Dm^I^ = {Qm — igAM)'4>- Details on our conventions are given in Appendix]^. 

To promote the Z2-symmetry of the orbifold to a symmetry of our theory, we have to 
specify the Z2 parities of the bulk fields. These parities are given by 

A^{x,-z) = A^{x,z), A5fi{x,-z) = -A5fi{x,z), X{x,-z) = i-/5X{x,z), 

(p±{x,-z) = ±r]cl)±{x,z), tlj{x,-z) =ir]-f5^{x,z) (2.3) 

where r] can be chosen -|-1 or —1. Within this framework, we evaluate the contributions to 
the 4D one-loop self-energy of the gauge bosons induced by bulk fields running in the loop. 



^We also included the auxiliary fields D = {D^ , D^,D^) for completeness. We have written gaugino and 
hyperino in 4D Dirac representations. 



2.1 A bulk fermion contribution 



We consider the one-loop contribution of a 6D left-handed bulk fermion to the self-energy 
of the 4D components of the gauge field. The Feynman diagram given in Fig. Q can be 



A„ 




Figure 1: The Feynman diagram with a bulk fermion ip contributing to 11^^ at one-loop order. 



evaluated as 

n/,(A;,fc,^')=5V-'E 



p,p 






^p,p' 



^p,-p' 



i> + 75P5 + P6 i>^ 75P5 + P6 



«75 



k' +pf ^k+p 



k' +p' ,~k—p 



i> + ^ + 75iK +P5) + K+P6 >+ ^ + l5iK+P5) +K+P6 



7^75 



(2.4) 



where we used eq. ( [B.4D for the fermion propagator in the loop. Here a sum over discrete 
momenta p is to be understood as a double sum over integers ni^2 such that for an arbitrary 
function / 



5^/(p1=^ Y1 f{ni/Ri,n2/R6), a = {{2^f R^R^]-^ 



(2.5) 



ni.2GZ 



where p = {p^-,p&) = {ni/R^^n2/R&). Moreover, we use the Kronecker delta symbol for 
discrete momenta, whose action and normalisation are 



^ 5p,p'f{p) = f{0), 5p,p> = (27r)25p^ p^<5. 



Pe.Pe (J "rii,n{"n2,n'2 



(2.6) 



The integral in ( p.4| ) is continued to d = 4 — e dimensions, with e — > after performing 
the double sum; ^ is the finite scale of the DR scheme. Note that both the 4D integral 
and the double sum over the momenta are regularised by the same regulator e. That is, e 
acts essentially as a 6D regulator, as it should be the case. These conventions will be used 
throughout the paper. After some standard calculations, we rewrite expression ( |2.4[ ) as 



ul 



111/ 



E 



p,p 



d'^p 



Pt' 



4-d 



{27tY ^p2 _ p2^[^p ^ ky -{p' + k')^] 



^^'Jii^,k')5p 



k'k 



+4i^ i-I^, -k')dp _r - ryvr^i) (p', k')6 



-2p',k'-k ''"Ml' 



VT^uJ{-P,-k')S_ 



2f,k'+k 



(2.7) 



with 



TT<;^J{p,k') = -4ipPk^e^p,^. (2.8) 

Here we note that terms proportional to 6t ti or dr r, conserve the external extra mo- 
mentum \k\. Therefore these terms correspond to bulk terms. On the contrary, terms 
multiplied by Si_„^ ttt or Si_„^ p r change the external discrete momentum in the com- 
pact dimensions, and therefore correspond to brane-localised terms [3]. These momentum 
non-conserving terms are due to the breaking of translational invariance along the extra 
dimensions in the presence of orbifold fixed points. Although the momentum is conserved 
at each vertex in Feynman diagrams, extra momenta of ingoing and outgoing gauge bosons 
can be different due to the momentum non-conserving part S^^_^ in the propagator of a 
bulk field running in loops. 

(2) 

After performing the 4D momentum integral, the contribution involving vr/ti/ vanishes. 
Therefore no correction to the localised gauge coupling is generated by the bulk fermion. 
Finally, after introducing a Feynman parameter and shifting the integration momentum as 



in Appendix C.l, we obtain the correction 



n^, [k, k, k'] =-2g^ 6^ p ix^-^ y, [ dx 

f ^0 



d'^p 



(27r)^ (p2 - A)2 



2x(l - x)[{k' - k")g^,^ - k^k^] + (1 - 2x)k' ■ {0 + xk')g^^ 



(2. 



with A = —x{l — x){k'^ — k'"^) + [0 + xk'Y' . The first part of this result contains the familiar 
tensor structure coming from 6D gauge and Lorentz invariance and can be factorised out 
of the momentum integration and the Kaluza-Klein summation. The second part of ( p.S| ) 
however corresponds to a Lorentz violating mass term, since 6D Lorentz invariance is 
broken by the compactification. This term leads to radiative corrections to the nonzero 
Kaluza-Klein masses [4]. 

The current form of the result in eq. ( |2.9| ) is all we need for our purpose of investigating 
the one-loop corrections to gauge couplings in supersymmetric models. It is nevertheless 
important to simplify eq. ( |2.9D to identify its divergences^. After some algebra we find, in 
Euclidean space^ 

Iil,% k, k'] = -^4^ ^ h,k' [[(^' + ^") V + k^^k,] Ul - V n{] , (2.10) 

n^= [ dx poix)Jo[x{l-x){k^ + k'^);xk'^R5,xk'(^RG], (2.11) 

Jo 

n( = -^ / dx piix)Ji[x{l-x){k^ + P);xk'^R5,xk'QRe] + (^k'^^k'Q;R5^R6y (2.12) 



^The non-zero external momenta {k,k,k') in the Green functions ensure infrared-convergent integrals. 

^Denoting by Ae the Euclidean form of A we used that: J d'^p{p'^ - A)"^ = m'^ j^ dtt^^'^^^ e'"'^^'^ . 
Unless stated otherwise, our formulae are always written using the Minkowskian metric; the distinction is 
also obvious by the presence of either g^j^ or 5fi^. 



with po{x) = 2a;(l — x) and pi{x) = (1 — 2x). The functions ■7o,i[c;ci, C2] are defined and 
studied in detail in Appendix 0, eqs. ( |D.1| ), ( p.2Cl| ) to ( D.24| ) and they can be integrated 



over X, yielding compact final expressions. Since these expressions are rather long, we do 
not present them here. However, it is important for our purpose to notice that JTq has a 
pole, while Ji is actually finite. Using this information, the pole structure in e of the final 
result is obtained 



ul = ^{k^ + k'')R,Re 



+ 0(e°), n{ = O(e0) (2.13) 



with momentum again in Euclidean space. The consequence of this 6D divergence in IIq 
and thus in Ufii, is that a higher derivative counterterm is necessary. This is a dimension- 
six bulk counterterm, and its structure would be, in a non-susy case, R^RqF^^^O^Fmn- 
Although each bulk mode brings a pole for the usual gauge kinetic term, the resummation of 
infinitely many bulk mode contributions leads only to a pole for the higher derivative term^. 
A similar result has been obtained in a 6D Abelian gauge theory without compactification 
in [8] . We postpone a further discussion on such operators to Sections ^^ and ^ where 
their role will be investigated in detail. 



2.2 A bulk scalar contribution 

Now we consider the one-loop contribution of a complex bulk scalar with parity r] to the 
self-energy of the gauge boson. In this case, there are two Feynman diagrams (see Fig.y) 
contributing to the one-loop vacuum polarisation. 



A^ 'x/xxNjf 




Figure 2: The Feynman diagrams with the bulk scalar (j) contributing to li^^, at one-loop order. 
Then the one-loop scalar contribution is 

n^,,± [A;, k, k'\ = n« % k, k'] + ng) [k, k, k'] (2.14) 



^As will be discussed in detail in section 5, in a regularisation scheme with a momentum cutoff, note 
that there is no logarithmically divergent correction to the F^"^ Fmn operator and this is consistent with 
the absence of a 1/e pole to this operator in DR. In such cutoff regularisation, however, there exists a 
quadratically divergent correction to the F^'^ Fmn operator (unlike in the 4D gauge theory), discussed in 
section 5. 



with 



U(^}[k,k,k'] = [-igf^,^-^Y. / 7^(2p + %(2p + A;).- 



p,p' 



d'^p 



{2-kY 



^p,f ± V^; 



p,-p 



p2 _ jp 



jp +k' ,p+k 



±r]6, 



p'+k',—p—k 



'^au ["■! k, k \ 



{2ig^)g,,f,'-^ 



{p + kf - if + k'Y 
cf^p i 



p,p'=p+k—k' 



{2'kY 2 



p2 _ p2 



(2.15) 
(2.16) 



where we used eq. (|B.7] ) for the scalar propagator in the loop. After re- arranging the result, 
we obtain the one-loop vacuum polarisation as 



n^.,±[^,^,^'] = -yA'E 



d'^p 



hk' ± ^^- 



2p',k'-k 



(27r)rf (p2 _ (^)2)[(p+ ^)2 _ (j7 + k')-^] 
{ - (2p + A;)^(2p + A;)^ + 2g^^ [{p + A;)^ - {0 + k'f^ } 



brane r 



— ^'-uu [ky k, k \ ±rili.ii^j^ [k,k,k 



(2.17) 



with the bulk and brane terms easily identified by whether they do or do not conserve the 
discrete momenta associated with the two compact dimensions. After using a Feynman 
parameter and a shift of the integration momentum we obtain the bulk correction, where 
a 6D Lorentz violating mass term is present again, due to compactification: 



U^-'^[k,k,k'] 



9\ 



^-^E/'dx ^ ^'^ 







1 



{2t:Y (p2 - A)2 



(1 - 2xf[{k^ - k'^)g^, - k^k,] + 2(2x - l)k' ■ {0 + xk')g^ 



flV 



(2.18) 



As in the fermionic case, the form of the result in ( p.l8| ) is all we need for our purpose of 
investigating one-loop corrections to the gauge couplings in supersymmetric models. This 
result can however be evaluated explicitly as done in the fermionic case, to identify its 
divergences and finite parts^. One finds, using an Euclidean metric 



IlT%krk'] = -'^^a5r^, 



2 (27r)« 



p' + A:'2) V + ^mM n^"''^ - V n^ 



Tbulk 



vr 



TlT'^ = -{k' + k')R,R, 



+ 0(e°), I{Y^^ = 0{e'^) 



(2.19) 



Here IIq"''^ and II]'""^ have an expression identical to that of IIq of ( p.ll| ) and n( of 
(2.12) respectively, but with pq{x) = (1 — 2xY, Pi{x) = 2(2x — 1). The divergence of 



"This is particularly relevant in non-supersymmetric models, where similar corrections are present. 



Ilr!" requires a higher derivative counterterm, of structure identical to that for fermions: 



^flU 



R^RqF^^UqFmn- We return to discuss the role of such operators in Sections 2^, ^. 

For the brane correction the Kaluza-Klein loop momentum p' is fixed by the differ- 
ence between ingoing and outgoing Kaluza-Klein momenta k and k' . After introducing a 
Feynman parameter and shifting the 4D momentum, we also find the brane correction as 



n 



brane 



[k, k, k'] 



■^/-"E 

f 



dx 



d^p 



1 



{2t:Y {P^ - A)2 



2{1 - 3x + 2x'^){k'^ - k''^)g^ 



^1/ 



[1 - 2xfk^,k^ + 4(x - l)k' ■ {^ + xk')g^^ 



■6 



-w 



2(47r) 



■-|-ln47r/i e 



'IE 



2p',k'-k 



(2.20) 



{g^^k -k^ku-3k.k'g^u)- I dxs{x)lnA 



with 



:'2 



s{x) = 2{l-3x+2x'){k'-k ')g^^-{l-2xykf,k^+A{x - l){k/2 + {x - l/2)k'Yg^^. (2.21) 

Therefore, to cancel the one-loop divergence of the brane correction, brane-localised gauge 
kinetic terms containing the derivatives with respect to the extra dimensions are required. 
The remaining integral over x is finite. In conclusion, a bulk scalar in 6D leads to both 
bulk higher derivative and brane-localised gauge kinetic terms. 

2.3 A hypermultiplet contribution 

We consider the contribution of a hypermultiplet to the vacuum polarisation. A hypermul- 
tiplet is composed of one Dirac fermion and two complex scalars with opposite charges. 
Using eqs. ( p.9| ) and ( 2.17| ) with ( |2.18| ), we easily obtain the contribution in a simple form 



as 



n!^Tr'" = nL+nL^+n' 



"-^u 



''^1/ 



^I/,- 



l-iiy,- 



-9^%' [(^' - k'^)9^u - k^K]^i^~'' Y.f '^'^ f 



d'^p 



(27r)'^ (p2 - A)2 ■ 



(2.22) 



As indicated, the scalars take opposite Z2 parities. Consequently, we note that the would- 
be mass corrections to Kaluza-Klein modes of gauge bosons that we referred to earlier 
in the scalar and fermionic contributions are cancelled out due to supersymmetry. Also 
the two would-be brane contributions of the scalars are cancelled out. The above result 
obtained in the component field formalism is in agreement with that obtained in a similar 
calculation using instead the superfield approach [9]. 

The explicit evaluation of n^^P"'' is rather technical and we provide the details in 
Appendix 0. Essentially one performs the momentum integral in (2.22) in the DR scheme, 
then re- writes that result in proper-time representation and finally performs the double sum 
over the discrete momenta p= {p5-,Pe)- Using eqs. (|D.2C| ), ( D.21]) for J'q, with oi = l/R^ 



and 02 = iZ-Rg, one finds the contribution of a hypermultiplet in Euclidean space : 



''The term In fi^ is made dimensionless by additional logarithmic terms in J'q "'*'^, not shown explicitly. 
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I fl 
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finite 



with 



jr'' [C; Cl , C2] = Jo [C; Ci , C2] - TtR^Rq C 



(2.23) 



(2.24) 



The above definition of Jq^"'*^ together with (|d3c| ), ( p^) shows that J'(f'^^*'' contains no 



pole in e. Here c = x(l — x){k + /c ), ci = xk'^^R^, C2 = xk^R^. 



Eq. (2.23) is an important result of this paper. The presence of the momentum- 
dependent divergence {k'^ + k'^)/e in I]^^^'^^{k,k') suggests the need for a higher derivative 
operator as a counterterm to the one-loop correction. Note that the counterterm required 
is actually a bulk operator since it is of 6D Lorentz invariant form. Its form is the super- 
symmetric version of that already encountered for bulk scalar and fermion contributions. 
The need for such an operator is ultimately a reflection of the fact that the initial theory is 
non-renormalisable. The divergence found is due to re-summing the infinitely many bulk 
mode contributions in Jq, each of them bringing a pole 1/e, to obtain instead a k"^ /e pole. 
This means the k"^ /e pole is of non-perturbative origin. Note that calculations in the past, 
performed for vanishing external momenta, k'^ + k'^ = 0, missed the presence of such higher 
derivative operators, since the coefficient of the pole is then formally^ set to zero. 

If one also introduces a non-trivial complex structure for the underlying torus, U = 



R^/R^e^^ (in our case 6 = vr/2), then the coefficient of the pole in eq. ( p. 23 ) becomes 



proportional to R^R^siaO. For = 0, when the two dimensions collapse onto each other, 
one obtains the 5D limit [7] as expected, and no pole is present anymore in that case. 
This is consistent with the fact that such operators are not generated by one-loop gauge 
corrections in the 5D case where only a single sum over modes is present. However, at two 
loop order, two sums over the modes are present and higher derivative operators will again 
be generated, even in 5D. In conclusion such higher derivative operators are usually present 



Strictly speaking this should not be the case: even in such limiting cases, mathematical consistency 
would require one to introduce an infrared regulator Air (here replaced by {k^ + k ^)) to find a term which 
"mixes" the IR (A/_r) and UV (e) regulators/terms; such unwelcome UV-IR mixing [11, 14] would signal 
a non- decoupling of high scale physics from its IR region. This would lead one to conclude that higher 
derivative counterterms are required, if one remembers that the IR regulator can be equivalently replaced 
by non-zero momentum inflow. 
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in compactifications, being dynamically generated at the loop level. These operators can 
also be boundary-localised, in the case of localised superpotential interactions [5-7]. 

Returning to eq. ( |2.23| ), the integral over x contains no poles and can be evaluated 
numerically, using our detailed expressions for Jq in Appendix y. In specific cases further 
simplifications can occur, for example when /c' = 0. The analysis of the higher derivative 
operator and of Il^yP'^'' will be further extended to the case of non-Abelian theories, where 
its expression and properties will be discussed in greater detail. 



3. The effective action for non-Abelian gauge theories on orbifolds 

So far we have considered the case of Abelian gauge theories. In this section we continue our 
analysis of one-loop corrections and derive the effective action for a non-Abelian gauge the- 
ory in higher dimensions by developing an approach outlined by Peskin and Schroeder [24]. 
To this purpose we employ a background field method applicable to orbifold compactifica- 
tions. First we present the method and derive the general form of the one-loop effective 
action, then we apply it to the case of the T"^ /'E2 orbifold. 

3.1 Background field method for gauge theories in higher dimensions 

Let us start with the relevant terms of the 6D supersymmetric action with a hypermultiplet 
in a representation of the bulk gauge group 



S = j <fX \tt ( - ^FmnF^''' + 2A i^^'DMx) + V^ ^T^'^mV^ + ^ I^a/<A±I 



(3.1) 



where Fmn = dMAN-dNAM-i[AM,AN], Dm\ = Sa/ A-i[AA/, A], Dui^ = idM-iAM)ip 
and Dm4>± = (f^A/T^^A/)'A±- To introduce the background field method, we split the gauge 
field into a classical background and a quantum fluctuation: 

Al,^A%+Al,. (3.2) 

Then, 

i^il^Du^ ^ i'il'^DMi^ + Al.i^^'^e^, (3.3) 

where Dm is the covariant derivative with respect to the background gauge field. 
Likewise, the gauge field strength is decomposed as 

FliN - FliN + DmA% - DnAI, + r'^AliA^. (3.4) 

Considering the higher dimensional generalisation of the Faddeev-Popov procedure for the 
gauge- fixing, the 6D Lagrangian in the Feynman-'t Hooft gauge is given by 
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1 



^FP = ~^[^MN + DmA% - DnAIi + f°''"'AMA%j - —i^iD^Alif 



1 



+ 



l[2Tr(%^. 



1 a fabc /[b ^M \c 



Dm\]+ iXT^AW'' A^ + ^ n'*" Dm + Al,^'"' e ^ 



-M 



\a -Mj.a 



+ Y^ (\Dm<P±\^ T P'^0±)*a^t>± ± i<PlA''^h''DM<P± + <P*±{Altn^^± 



+c» 



(^ 



2Nac 



M rabc /[b \ „c 



D'''r'A%]c', 



(3.5) 



where c" are ghost fields and D^ = DmD^ . 

In order to compute the effective action at one-loop order, we shall ignore terms linear 
in A%[ and integrate over the terms which are quadratic in the gauge fields ^^, gauginos 
A, hyperinos V', hyperscalars and ghost fields c. After integration by parts, the quadratic 
terms in A%j are simplified to 



^A 



^{■^M 



2<7 



{D 



2\ac MN 



abc T?bMN 



r\ j^abc rpi 



Air}- 



By using the generator of 6D Lorentz transformations on 6-vectors, 



:^^«).... = ^(5M-'^^4 



MN 



satisfying 



(3.6) 



(3.7) 



ti JP^J 



MN 



PM^ON 



2 9'^'''' 9 



gPNgQM 



we can rewrite the above Lagrangian as 
1 



jC-a 



2ff2 






M 



(^j^2yCgMN ^ 2 ^Lf^pqJPQ 



MN 



(t 



b \ac 

g) 



A 



N 



with (t^)«^ 



if"-"'^. Further, the quadratic terms in fermion fields are 



(3.8) 



(3.9) 



Cf = ^Ti(2Xi^^DMX)+^i7^DMi^. 



(3.10) 



Integrating over the fermion fields, we obtain the functional determinant of the operator 
(ij Dm) for the gaugino and {i^ Dm) for the hyperino. Finally, the quadratic terms in 
hyperscalars (Cg) and ghost fields (Cg) are 



Cs = Y,ir±)*[-{D')n<P'±, 



± 

■fll ( 7~i2\aci„c 



Cg = (f[-{D 



c . 



(3.11) 
(3.12) 



With these findings, after performing the path integral for the terms quadratic in quantum 
fluctuations, we obtain the effective action for the classical field A'^ at one-loop order as 



12 



=ir[A] 



exp 



d^X 



4^(^^ 



MN) 



+ Cc 



(3.13) 



x(detAG,i)-^(detPG)+'[det(-AG,o)]+'(detP,)+i[det(-A,,o)]'Mdet(-A,.,o)]-i 



with 



^G,l = -o 



D!g^^ + 2{^FI,Q,J^<^)''%)S- 



12 



A 



G,0 



2xc 

12) 



-D^J! 



A, 



r.O 



-D^j: 



12' 



a +a ^,M \ rA 



^G = ^U7'"^5mi + Al,it^7^^M 5^2, 



p,. 



-M 



a +a;^M\ cV" 



11 Omi + Aj^^t^-1 6I2 



(3.14) 



where r denotes the corresponding representation and an extra index " 1" as in /i denotes 
f{Xi) while the (5i2's are defined as functional differentiations presented below. Finally, as 
the upper letter on the 812^ s imply, the above expressions are contributions of the gauge 
bosons, ghosts, hyperscalars, gaugino and hyperino fields respectively. Further 



(4*^)«, 






^2)% 



'5</'!!(^2)^ 



(3.15) 



and similar for the remaining fields. Note that as long as there is no orbifold action present 
effective action 



O12 — " 



12 — "12 — "^i^ — '^ (^1 ~ ^2)- With these observations, we have the full one-loop 



T[A] 



1 



d X[ - -—^{Fmn) +^c.t. 



+ 2 



IndetAci - 2 IndetPc -2 lndet(-AG,o) 

-2 IndetP,. + 2 lndet(-Ar,o) + 2 lndet(-A,..,o) 



(3.16) 



This is the general formula for the one-loop effective action in higher dimensions with our 
field content. It can be applied to specific cases, by computing the above determinants, 
after specifying the boundary conditions for the fields involved. 

3.2 The effective action on the TV^2 orbifold 

We can now apply the method presented in the previous section to the case of orbifold 
compactifications, where important changes appear due to the presence of the associated 
boundary conditions with respect to the compact dimensions. On the orbifold T^/Z2, the 
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orbifold boundary conditions are given by 

c"(x,-z) = c"(x,z), 
■ip{x,—z) = Z7 r)'il){x,z), 



A(x, — z) = Z7 A(x,z), 
(/)±(x,-z) = ±r]cl)±{x,z) 



(3.17) 



where r/ can be chosen either +1 or —1. Taking into account these boundary conditions, 
the functional differentiations defined in (3.15) can be made orbifold-compatible as follows: 



4" = I (^'(^1 - ^2) + 5'(Xi + X2)) = 61, ^ 5+ , 



"12 



h2 



012 



a2 



5\Xi-X2)-5\Xi+X2)] =5 



a2i 



5'^(Xi-X2)±r?5*'(Xi+X2 

5\Xi^X2)-iiH\Xi + X2) 



^-[6\Xi-X2)-i71^H\Xi+X2) 



(3.18) 



where (5^(Xi it X2) = 6'^{xi — X2)6'^{zi ± ^2). We can now evaluate the determinants in 
( 3.16[ ) giving the contributions of various fields to the one-loop effective action. To second 
order in the background gauge field we have from eq. ( 3.16| ) 



r^^^[^M]^^E/(0i^* 



l,i-k,-k)A'kik,k){-ik'' -k'')g^^'^'' +k^^'^k^') 



+ \ \Wg,1 - 2Wg,0 - 2Wgaugino + 2Whypers " 2W},. 



lyperino 



(3.19) 



where each W is the quadratic term of the corresponding log determinant in ( p.l6| ) . 

3.2.1 Gauge field contribution Wg,i 

We start with the contribution of the gauge bosons and first introduce the notation: 



M=\ 

where 







12 A /(Ag5^- + A/^-)i<5+ Ar<5- 



12 (Q 20) 



A 



G 



.(1) 



(2) 



^'g' + ^G 



Ag) . . 



aM Aa .a I Aa j.a p.M 



^MN^^flp,^^jPQY\ 



A (2) — AaMj.a /tb j.b 
^G = ^ T^G^M^G^ 



(3.21) 
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With this notation and ( |3.14| ) we obtain 



In det Ag 1 = In det 



9' 



1 



M+M 



1 1 r 

Indet^TW-V-tr {Om^T 



In det —M - tr(a "") - tr(0^ ") 



i/n n 



Irn y\ 



X/r-) n\ 



tr(a ^Ox n + tr{Om 'Oi ") + ti{0, 'Oi ') + tr(0„ ^Oa 



+ 



(3.22) 



where we introduced 



n ^ - 



V 5^2i{~dly^g,ni 



i(AGg^'"+A^^)2(5^3 iA^"(5, 



23 



'^2 "23 



z(Ag5'" + A'")2(523 



(3.23) 



Therefore, the terms in Indet A^i quadratic in the background gauge field are 



WgMm] = 4 (T['+ + T^+) + 2 {T^~ + r^-) + T^ + Tj- + T^- + T^ 



(3.24) 



Their origin is as follows: ^iT^ ^ + ^2 ^) accounts for part of the term ti{Oy Ox ^) and for 
the term tT{Ou ^), while 2{T^ ~ +^^2 ) accounts for similar terms but with matrices entries 
with extra dimensional Lorentz indices. The different factors multiplying them (4 and 2) 
arise from the different metric contractions. Further, T^ accounts for (the remaining part 
of) tr(0,y ^Ox ^) while T^ accounts for similar contribution but with all Lorentz indices 
extra dimensional. Finally, T^^ account for the "mixed" indices contributions, the last two 



terms in the last line of ( p. 22]) , respectively. All these contributions can be easily identified 
by recalling that 5f, {^ij) arise with contributions from 4D (extra dimensional) Lorentz 
indices, respectively, as seen from the definition of Om^ ■ The results of evaluating the 
terms in ( p. 24 ) are then 



rf =^ + Tf ± 



1 



''' \l; 



-tr 



k,-k')A''^{k,k) n 



5c^^(G)|:/(^^""(- 



'-MAr,±- 



(3.25) 



One should consider in ( |3.25D either the upper or the lower signs only. Further Tg is 
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generated by parity-even gauge fields, as the presence of 6^, shows and equals 



T3« ^ -itr 



2 

2tr 






E 






k,k' 



(2vr)^ 



Al{-k,-k')Al{k,k)k,g^^Kg-f, 



p,p 



iJ (2vr)^ 



G+{p,p,ff) G+{p + k,^ + k\p + k) 



4C2(G) ^ I 704 ^m(-^' -^') ^"(^' ^) (^V'^ - ^'^'') n?+' (3-26) 

fc,fe' 



T4' has similar form, but involves only parity-odd fields (notice the presence of (5- • 



I] J 



Tf ^ -itr 
^ 2 



^1-2 ^i-dlr' (^(A™ ')2 ^2-3)) (<53"4^(-5|)"' (^(A/ ")4 54I) 



2tr 



J^^t^j'^'t^^ j; 



k±' 



d^k 

(27r)4 



^m,( "-) k ) Aj^(k, k) kj^gj kkgi 



J 



E 



v,p 



d'^p 



G-{p,p,ff) G-{p + k,p +k',p + k), 



4C2(G) J2 I -^A^'mi-k, -k') Alik, k) (- k' . kg^^ - k^k'^) n^_, (3.27) 
kS' 



Finally TP and Tp have similar structure, involving parity-odd and -even component fields: 



-iG 



1 



2tr 



5+ t{-dl)-' {t{K % S^,)) (<534 ^{-^!)-' {^{Al ^^ 5+ ) 

ij'^^iJni'fh] {kxAU-k,-k') - k',AU-k,-k' 

d'^p 



(kpAi{k,k)-knA'^{Kk))Y,j^^G^{p,p,f^) G+{p + k,ff + k',p + k) 

p,p' 



-^C2{G)Y, / ^-^^[k,Al{-k,-k')-k',Al{-k,-k') 



k,k' 



X kpA'^ik, k) - knA^ik, k) /^ff'^" n^+ 



(3.28) 
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and 



nG 



1 



2tr 



\j'"')n %iJ'')x "^t'a] E / 704 {k,AU-k, -k') - k',A;i-k, -k') 

k,k' 

(kpA\{k, k) - kiA^ik, k)) Y, j 7^ G+(p,p,p-') G^{p + kj + k',p + k) 
-2C2(G) J2j^ {k,At{-k, -k') - k'^A^i-k, -k')) 

k.k' 



X k 



oAl{k,k) - knA^ik^k)) 5^V"n^- (3.29) 



In the equations above we used the notation C2{G) defined by tr(tgt^) = C2(G)5"''. In 
terms of the bulk propagator for bosons (See also eq. ( |B.7D ), 

'Jj£^hz£. (3.30) 



G±ip,p,i^) = -- 



p2 _ jp 



one has the following expressions for H^^^ _|_ and n?g used previously 

nM7v,± = E / 4^ [ - (2P' + k')M{2p + k)NG±{p + k,ff + k',p + k) 

+2i5MAr(Jp,p._^^_^, ■G±{p,p,p') 

2^7 (27r)4 (p2_^2)[(p + ^)2_(^ + ^/)2] 



^(%fc' =^^-2p',fe'-fcy' 



(3.31) 



ng± = E / 7^ ^±(p,f,p-') G±(p + fe,#+ fc,p-' + P) 



1 



E 



d^p 



"fc,fc' ^ "-2p'S' 



2^7 (27r)4(p2_^2)[(p + ;t)2_(^ + ^/)2] 



(3.32) 



and 



n 



±^ 4^7 (27r)4 



;^ I l!'\ _ ttG 



G±(p,p,p') G^(p + fc,p + k,j^ + k') = n^,± 



(3.33) 



To obtain the above results for T^ and Tq we had to change the order of operators in an 
appropriate way, by using 02*^23 ~ '^23^3 f°^ ^^^ Z2-even operator O while C'2'523 ~ '^23^3 
for the Z2-odd operator O. Further, to simplify the Kronecker deltas, we have taken into 
account the Z2-parity conditions: A'^^{k,k') = A'^^{k,—k') and A^{k,k') = —A'^{k,—k'). 
This concludes the evaluation of the gauge fields contribution Wg,i of ( |3.24| ). 
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3.2.2 Ghost field contribution Wg,o 

Next we evaluate the determinant of the ghost field contribution (3.14) with ( |3.18| ) 



lndet(-AG,o) = Indet [8' - Ag)iS 



^2 



1 



lndet(5?5+) - Y, -tv[(^6t2i{-dlrh{AG)2St3 



(3.34) 



n=l 



from which, upon expansion, we isolate the quadratic terms for the background field as 

Wg,o [Am] = Tf + + Tf + . (3.35) 

The sum on the right-hand side was already computed in ( |3.25| ). 

3.2.3 Hyperscalar contribution VFhypers 

Likewise, the quadratic terms from the determinant for hyperscalars are, with ( 3.14 ), ( 3.1^ ) 



lndet(-Ar,o) = Indet ( (5^ - Ar)i(5^2 



lndet{d!5^,,) - J2 -tr[[5'l,i{-dlr'i{Ar)25:i, 



(3.36) 



n=l 



with the notation of A as in eq. ( 3.21 ) with G ^ r. One finds from ( 3.36| ) 



(3.37) 



where T{^ = [C{r)/C2{G)\ Tg^ and with Tf ± + T^^ already evaluated in eq. ( ^^ . 
Here C{r) is defined by tr(t^t^') = C{r)5''^. 

3.2.4 Gaugino and hyperino contributions Wgaugino and Whyperino 

Finally, we evaluate the determinants for the fermion fields, which are expanded as (using 
again (^I^, (Islp ) 



IndetPc = Indet 



Indet 



-{il^dMi+Al,^t-ci'')5l-, 



rn 



M 



J ^-^ n 



n=l 



12 • Pa 
IT0P2 



-(^^M2tG7'"4) 



'IT 



,(3.38) 



IndetPj, = Indet 



Indet 



oo ^ 

^i''^,n5^ - E itr 



n=l 



^^iiPdp2 



^23 y 



/• A a j.a-M x'4 



(3.39) 
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with the former (latter) for gaugino (hyperino) fields, respectively. From these eqs. the 
quadratic terms coming from the determinants of gaugino and hyperino are evaluated to 



l^gaugino [^ 



M\ 



1 



(i^M2t&7*'4) 4 



Itr(t^t^) Y, I ^A'^^^i-k, -k')A'^ik, k) n^ 



(iA^4t^7^4 



k,k' 



(3.40) 



VFhyperino[^M] = --tr 



5t-^^{iAlj^t'i.^''' 5t^) Sf — '- — '^^^- ^^^'""^^ 



^H^Pdp2 



^23/ "34 



ij'^dq. 



-(^^4*^7^5: 



41^ 



k,k' 



{2ny 



■A''^\-k,-k')A''^{k,k)n^ 



MN 



Here we introduced the following self-energies 






n 



MAT 



E 
E 



(2vr)4 
d'^p 



Tr 



Tr 



Dx{p,P,i^hAiDx{p + k,p' + k',p + k)-fN 



D^iP^P^p'hMD^ip + k,i^ + k',p + k)jN 



and used the propagators on T^/Z2 (for details see the Appendix, eq. ([B.4|)) 



Dxip,p,p 



D^iP,P,f. 



jp,p' 



•'p-p 



2 V?^ + 75P5 -P& i) + 15P5 - P6 



^P,P 



V^p, 



2 V;^ + 75P5 +P6 i> + 75P5 + P6 



^75 



^75 



(3.41) 

(3.42) 
(3.43) 

(3.44) 
(3.45) 



This concludes the identification of all component field contributions to the effective action. 
We now have the necessary technical results eqs. (|3^ ), (|^, (H^), (|3.40D , (|3ll|) , to 
analyse the one-loop effective action of non-Abelian gauge theories on T'^ jTL^- 

3.2.5 The one-loop effective action on T"^ /'E21 its poles and counterterms 

In the following we concentrate on the 4D gauge field part of the effective action. In this 
case, we note that Iifj,u and H^^^^ are the same as the ones in ( |2.9D , ( p. 17 ), respectively, 
which were obtained by using the Feynman diagram approach in the U{\) case. Therefore, 
using (|3.19| ) , the 4D gauge field part of the effective action can be written as 

r(2) [A,] = ^ E / (04 ^^(-^' -^) ^"(^' ^) ( - (^' - ^')9"' + ^''^') 






k,k' 



d*k 



A^f{-k,-k')A'"'{k,k) 



(3.46) 



C72(G)f-n;iyp-+4(A;V-^/.^.)n?+ - 2fc • ^V(n?-+n?+)l -c{r)itT' 
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where 



T-rhyper ^ tts , tts _|_ TT-^ 



(3.47) 



Then, by decomposing this effective action into bulk and brane parts, we reach the main 



result of Section 3.2: 



bulk 



+ r 



brane 



(3.48) 



with 
Tbuik 



lE 



2^J (2^ 

k,k' 



Al{-k,-k')Al{k,k){{k' - k')g^- - k^^k^) 



brane 



9 

d^k 
2^ J {2^ 

k,k' 



\ -^(C2{G) - C{r)) U^y^^^'ik, k' 



'k±' 



(3.49) 



E 



Al{-k,-k')Al{k, k) {eg^"" -k^'k^) \-AiC2 (G)rf°^^' (A:, k, k')] (3.50) 



where 



Yi^^^^\k,k') =/i^- 



T 



n 



local 



( fCj fC, K j 



/^ 



i-d 



E 



d'^p 


1 


{27rr (p2 _ 


-f^)[{p+k)^-if^+k')^y 


d'^p 


"-2p',k'-k 



{2ttY (p2 _ (p')2)[(p + kf -ip' + k'f 



(3.51) 



(3.52) 



From the expression of Tbuik we see that the bulk correction comes with the standard 
beta function coefficient^ in 6D which is given by C{r) — C2{G). Note also that, as in 
the Abelian case discussed previously, a hypermultiplet does not generate a boundary- 
localised gauge coupling. However, a 6D bulk counterterm can be present as we already 
saw in the Abelian case ( |2.23| ), when evaluating 11'^^^'^''. Unlike the hypermultiplet, a vector 
multiplet does generate boundary-localised gauge couplings, see eqs. ( p. 50 ), ( |3.52| ). The 
corresponding (4D) counterterm that we discuss shortly must then be localised at the fixed 
points. 

The divergent nature of H^P'^'' of eq. (|3.5l| ) was already presented and discussed to 
some extent in the Abelian case. Section |2|, eq. ( |2.23| ). Since 11^^°'^ also appears in the 
bulk correction in the case of non- Abelian gauge theories, eq. ( |3.51| ), we analyse this in 
further detail. From eq. ( |2.23| ), let us recall the following. 



Ii^y^^\k,k') 



(4^ 



{2irfiy dxJo\x{l-x)ik^ + k'^);xk'5R5,xkQR6\. (3.53) 



The exact expression of J'q is needed for studying the finite effects and the dependence 
of the zero- mode gauge coupling on the momentum k'^. This expression would also be 



^Because the number of modes is reduced due to orbifolding, the beta function coefficient is 1/2 times 
that for a torus compactification. 
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needed to study dimensional crossover effects [15] of tlie coupling at k'^ ~ I/-R5 g. Since J'q 
is rather complicated, we present Jq below, for a somewhat simpler case of k'^ = kg = 0. 
From eqs. (pip, ( p3oD , (p^ ), ( p32|) and with the following notations 



c = x(l — x)/;; , ai 
one has, if < c/ai < 1: 



Rl 



02 



i?i^ 



'ni 



27rni 



7(ni) 



ain| 



(3.54) 



Jo [c; 0,0] 



ire 



V"l«2 



-+ln 



47r ai e '^^ 



niGZ 



-2777(711) 



-2 



cvrz 



y- rb+1/2] 



with 7£; = 0.577216.... If c/ai > 1, then 
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Here C,\x\ is the Riemann Zeta function; K\ is the modified Bessel function, see Appendix]^ 
for definitions. The pole structure is the same for both expressions of Jo- Regarding the 
finite terms, Jo of eq. ( 3.55| ) has power-like terms in c ~ A:^ but these are suppressed by 
the radii/area of the compactification. These terms are the counterpart of the term^^ cln c 
of eq. (|3.56| ) in the case c/ai > 1. Note that in the first square bracket, Jo in ( |3.56|) has a 
power-like dependence on c ~ /c^ whereas the last two terms in Jq are exponentially sup- 
pressed at large c/ai'-^k'^R'^ and (given the symmetry ai<->a2) also at large c/a2~A;^i?g. 
The above expressions are important when we discuss the running of the effective gauge 
coupling and of the coupling of the higher derivative operator, after cancelling the diver- 
gence in eq. ( |3.53| ). 

Let us consider some limiting cases. If A;^<Cmin(l/i?5, 1/-Rg), eqs. ( 3.53 ), ( |3.55| ) give: 
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where we used the Dedekind 77 function, see eq. ( |E.6[ ). This result shows that after the 
addition of the higher derivative counterterm which will cancel the pole, the hypermultiplet 
only brings in a logarithmic dependence with respect to the momentum fc^, at values of 
k'^ much smaller than l/iigg. Note that this is a low-energy logarithm, originating from 
bulk contributions! If one evaluated instead II^^p'^'^ {k"^ = 0,0), an IR mass regulator /x|^ 



"This term (cine) will be important for the running of the higher derivative operator coupling, see later. 
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(replacing k'^) would still be required for mathematical consistency. This would then lead 
to a troublesome UV-IR mixing of type fJ-jji/e in ( 3.57] ), on which the limits ij^ir^O and 
e ^ do not commute. This would simply mean that the UV physics does not decouple 
in the low energy limit. This shows, even in the on-shell result for n'^yp*^'', that there is a 
need for a higher derivative counterterm, for quantum consistency. We return to this issue 
in Section |5|. 

In the case k"^ > max(l/i?f , 1/Rl), eqs. (|]5|) and (Q) give: 
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Finally, the brane correction n of ( |3.52| ) also has a divergence. For any 6D momenta 
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which if fc = A;' = simplifies to: 
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(3.60) 



where /i is the arbitrary (finite) scale introduced by the regularisation scheme. 

The poles in II^p'''^ and n that we identified can be cancelled by introducing the 
following counterterms in the action: 






Z-Zn 



+ h.c. (3.61) 



Here Zq{i = !,••• ,4) are the fixed points of the T"^ /'E2 orbifold considered. Further, h? is 
an additional dimensionless bulk coupling while (7brane,i is a dimensionless brane coupling 
at the fixed point Zq. The introduction of such counterterms to cancel the poles is done up 
to an overall finite, unknown coefficient. As a result new parameters (couplings) emerge in 
the theory. For small compactification volume (or k'^R^Q <C 1), the bulk higher derivative 
operator is suppressed; however, for large radii (or k'^R^ g ^ 1) it is relevant and important 
for the overall running of the zero- mode gauge coupling. The effect of this operator is largely 
ignored in the literature, both in effective field theory and string theory approaches. The 
renormalisation and the running of the coupling h{k'^) will be considered in the next section. 



Regarding the coupling ^br 



after its renormalisation there will be one additional 



parameter for the gauge kinetic term localised at each fixed point. If one considers such 
corrections in GUT models compactified on orbifolds [25], brane-localised gauge couplings 
respecting a gauge symmetry smaller than that in the bulk may be present. In that case 
the brane couplings are not universal and can affect the gauge coupling unification in such 
models [26]. 
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4. "Running" of the effective gauge coupling as induced by the 6D theory 



In this section we consider the one-loop renormahsation and running of the coefficients of 
the higher derivative operator and of the gauge kinetic term of the zero-mode gauge field. 
To begin with, we consider the running of the bulk coupling h in ( 3.61| ) for the zero 
mode of the gauge field. After subtracting the divergence of the bulk term eq. ( 3. 49] ) 
with eqs. ( 3.57| ) and ( |3.58| ) by a bulk higher derivative counterterm, one has the following 
momentum dependence of the renormalised h: 
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After writing each of these equations at two different momentum scales (for the same renor- 
mahsation scale /u) and subtracting them, we find that above the compactification scales the 
bulk coupling of the higher derivative operator runs logarithmically in k'^ while below the 
compactification scales it does not run. The running of h{k'^) above the compactification 
scales is a just a bulk effect, little dependent on the details of localised singularities associ- 
ated with the orbifold action^^. Note that the higher derivative counterterm in eq. ( 3.61| ) 
"absorbed" all linear dependence on k"^ in eqs. ( |3.57| ) and ( |3.58| ), arising from eq. ( 3.55| ), 
( |3.56 ), and this is relevant for the discussion below. For k^R^Q ^ 1 the coupling h is not 
suppressed, and this has implications for the running of the effective gauge coupling of the 
zero- mode gauge boson above the compactification scales. 

Let us now investigate the running of the effective gauge coupling gesik^) which is 
defined as the coefficient of the gauge kinetic term of zero-mode gauge boson. The tree 
level value of the effective gauge coupling has contributions from both bulk and branes, 
including the bulk higher derivative term. It can be read off from the following gauge 
kinetic term: 
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Here g^ and (7brane « ^'^^ ^^^ tree-level gauge couplings in the bulk and at the fixed points, 
respectively. Note that, although the brane localised couplings (7brane,j are new parameters 
introduced in the theory, the coupling ^tree only depends on their overall combination 
with the bulk gauge coupling g. Moreover, due to the new parameter /itree of the higher 
derivative counterterm, ultimately, there is a momentum dependent contribution to the 
effective gauge coupling even at tree level. 



'^See also the discussion in [8]. 
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After taking into account the radiative corrections (see (|3.49|) , (|3.5C1|) ) the zero-mode 
gauge couphng ges{k'^) is, at one-loop^^: 



5eff(^^) alee '^K 



+ 1 



tree 



C2{G) - C{r)\ -n^yP^'-(A;,0) +4iC2(G)n'°=^i(A;,0,0). (4.4) 



The subscript * in the self-energy n|f '^^^ means that only the finite part of n'°'^'^^ should be 
considered, because its singularity (the pole 2/e) was cancelled by the tree level coupling 
g'tree in eq. ( p.61| ). For the self-energy YiJ"^^^ the subscript * refers to the finite part of 
n^P'^'' after the renormalisation of the coefficient of the higher derivative counterterm 
( |4.1| ); therefore 11*^'''^'^ does not include the divergence fc^/e in n yP*"^ which corresponds to 
the renormalisation of /itree in eq. ( [4.lD . With these considerations, note that (7tree and /itree 
in (|4.4| ) and in the equations to follow denote only the finite part of tree level couplings. 

Let us now address the running of ^eff (fc^) and the relation connecting it to the tree level 
coupling 5tree- To begin with, consider first the case of k"^ <^ 1/-^! e- '^o obtain the running 
of 5cff(^^) for this region one writes ([4.4| ) at two different momentum scales cf'^k'^ <C I/-R5 g 



for the same renormalisation scale ^ and subtracts them, then uses eqs. ( 3.57] ) and (|3.6C| ) 
to find: 
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3C2{G)+C{r) In—, if q^k^^-^. (4.5) 

9 -^5,6 



This is an interesting result: we have obtained the familiar 4D logarithmic running of 
the effective gauge coupling with the usual 4D AA = 1 beta function coefficient given by 
61 = — 3C2(G) -|- C{r). Note that this running was derived from the full 6D theory, by 
taking into account both bulk and boundary loop effects. This is interesting because part 
of the above logarithmic running comes from the bulk^^, associated with the massless states. 
More explicitly, the logarithmic correction in ( [4.5| ) contains a "bulk" part C{r) In/c^ due to 
the hypermultiplet, while the vector multiplet provides a "bulk" part — C2(G)lnfe^ as well 
as a "brane" part —2C2{G) Ink^, which added together give the beta function in ( [4.51 ). We 
note that the running of the effective coupling g^fi as shown in eq. (^) is unaffected by 
the higher derivative operators as long as we are in the region k'^ <C I/-R5 g- 

The next step in our analysis is to establish a connection between the tree level coupling 
gftree and the gauge coupling at low momentum scales well below the compactification 
scales {k'^ <C 1/-Rf g), after integrating out all massive Kaluza-Klein modes^"^. Using again 



^^Eq. (|4.4|) can be written in a form which separates massive from massless modes' contributions: 

-^^ ^4 ^ -4 - ^2(G) + Cir)] in^^,r(fc,0) -i\~ 3C72(G) + C {r )] 2 U'r^\k, 0,0) 



where n^^.^" = n'^^^"^- nJjfoP", with nj;f(f" the (0,0) mode contribution and we used n^^^'/^ = 2n'°""'. 
On this form we see the emergence of 4D f\f—2 and f\f=l beta functions of massive and massless sectors. 
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Seen'^^P^'^ of (3.57) 



Early studies on this topic can be found in [35], but using instead an on-shell approach. 
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eq. (U) together with (|3^) , (l3l6C| ), we have 
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Here u = Rq/R^ and ^i = Aire'^-^'^ . Further 61 = -3C2(G) + C(r) is the A/" = 1 beta 
function while 62 = —C2{G) + C(r) is 1/2 of the J\f = 2 beta function coefficient on the 
torus, with 1/2 to account for the fact that the number of modes is reduced on T'^ l%2- As 
written, eq. ( [4.6D connects 5eff(^^ ^ l/^i e) *° ^^^ ^^^^ level coupling (7tree, a/ter integrating 
out the massive Kaluza-Klein modes. The effect of these modes is accounted for by the 
term multiplied by 62 in ( |4.6|) , as an overall threshold correction. It is important to note 
from (|4.6| ) that the dominant contribution is of logarithmic dependence on k'^ and this 
is associated with the massless states only. Any power- like dependence of gesik"^) on the 
momentum scale is suppressed by the compactification volume, k <C 1, (i.e. the higher 
derivative operator is also suppressed.) This is the case after the renormalisation of the 
coupling h of the higher derivative gauge kinetic term, eqs. ( |3.61|) and (4.1). 

Eq. ( |4.6| ) can be used to study whether the low energy measurements of the couplings, 
e.g. electroweak scale values of the couplings are consistent with a common value ^tree; 
regarded in this case as the "unified" coupling. The DR renormalisation scale fi is in this 



picture regarded as the unification scale. Eq. (4.6) is the counterpart of that computed in 
the (on-shell) string, in various models [16-18] (see also [35]). As we shall detail later, our 
result in ( [4.6[) is more in agreement with that of the 4D Z^ orientifold models of type I 
strings [16], rather than that of the heterotic string [17, 18]. 

We have so far considered the behaviour of gesik"^) at momentum scales k"^ <C I/R^q 
and its relation to the tree level coupling. At higher momentum scales, the higher derivative 
operator becomes more important and one cannot neglect the presence of its coupling h^k"^), 
eq. ([4.1|). The regime k'^ ~ 1/R^q is that of dimensional crossover [15] and is the most 
difficult to investigate technically. In this case eqs. (3.57), ( 3.58| ) provide a rather poor 



approximation when used in eq. (4.4) to find gcs- One must use instead the full expressions 
of the functions Jo, eqs. ( |3.55| ) and ( |3.56 ), integrated over x as in ( 3.53 ). These expressions 
converge even in the case k"^ ~ I/-R5 g and can be used to find the running of g^s in this 
regime. These expressions are somewhat complicated and this prevents an intuitive, simple 
picture for this regime. In this case a full numerical approach based on ( 3.55| ), ( ^3.56 ) may 
be more suitable. 

Finally, let us consider the case of even higher momenta, k'^ ^ l/i?|g. In this case we 
find that the coupling h{k'^) gives a substantial contribution to the running of the effective 
gauge coupling. From eq. (0) together with eqs. ( |3.58| ) and ( 3.60 ), we obtain the following 
result: 
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where ^2 = 47re^' '^"'^^ , ^1 = 47re^~'^^ are subtraction scheme dependent constants for the 
divergences of the bulk and brane contributions respectively^^ . The scale /i is the familiar 
renormalisation scale in the DR scheme, at which a "boundary" value of the coupling is 
provided. 

Eq. ( f4.7D describes the running of the effective gauge coupling well above the com- 
pactification scales. The last term in eq. ( [4.7] ) is due to massless states (brane part only), 
which contribute to the running. Further, the square bracket accounts for the contribution 
coming from the running coefficient of the higher derivative term. Since the square bracket 
involves k^R^R^ which essentially counts the number of excited Kaluza-Klein modes, we 
obtain a power-like running with respect to the momentum scale, valid above the com- 
pactification scales. Note, however, that the power dependence on k"^ is controlled by the 
parameter /ifree which multiplies it (and is also affected by the presence of In ^2 which is a 
subtraction scheme dependent coefficient). We therefore need a deeper understanding of 
this coefficient. 

To this purpose, let us address the origin of the power-like term and explain what 
ultimately controls it. To do so we rewrite eq. ([4. 41) as 



4^ 47r 47r ,^ 2,27, ^^ , ^2 . C2{G) . i?ii ,^ ^. 

This equation is valid at all values of A:^, large or small relative to l/i?|g, provided that 
other higher dimension operators are negligible. Here 5 is the integral over x as in ( 3.53| ) 



of the part in Jq of either ( |3.55|) or (|3.56D which does not contain the first square bracket 
in these two equations. If k"^ <^ 1/-^! e then 6 gives a log running given by the last term 
in ( |3.57[ ) while if k'^ ^ l/-^5 e then (5 ~ 0. With these values of 6 and with the running of 
h{k'^) as in ( [4. 1]) one recovers the limiting cases of large and small momenta discussed in 
(gj) and (13). 

The interpretation of the result in ( [4.^ ) is as follows: the coefficient of the power- 
like term fc^ R^Re is ultimately controlled by the renormalised coupling /i(/c^) of the higher 
derivative term in the action and by its running. In some works the notion "power running" 
refers to power-like (threshold) corrections in the UV cutoff regulator as opposed to the 
power-like dependence with respect to the momentum scale that we obtained here, and 
these are not to be confused. Our result above clarifies that the power running with 
respect to the momentum scale is controlled by the one-loop corrected coupling of the 
higher derivative gauge kinetic term in the action. 

In general, in theories with higher derivative operators additional effects are present. 
One should essentially start with the full action including at the tree level the higher 
derivative gauge kinetic term, and quantise the theory in its presence. This is a rather 
difficult problem. Further, in the presence of the higher derivative operator, the propagator 
of the zero-mode gauge boson changes into a sum of two terms: one particle-like propagator 



^^Remember that these are in the minimal subtraction scheme, i.e. only the poles in e were cancelled by 

gtrcc and /itree- 
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and one ghost-like propagator, respectively 



16. 
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(4.9) 



From the coefficient of each term, one can see that both particle and ghost have the same 
coupling g to matter fields. Although the ghost pole is located around the 6D fundamental 
scale, the ghost state may give an additional non-vanishing threshold correction to the 
gauge coupling. Further, there are many other complications, specific to higher derivative 
theories, such as unitarity violation, non-locality, etc, see [27]- [33], which made the study 
of these theories less popular. Another difficulty that arises is that one must also take into 
account the effect of brane- localised terms on the spectrum of the Kaluza-Klein modes [34] , 
not considered in this paper. Therefore, a detailed investigation of models with higher 
derivative operators is far more complicated and beyond the purpose of the present work. 
To conclude, the higher derivative operator must be included to ensure the quantum 
consistency of the model with extra dimensions, and therefore plays an important role in 
the running of the effective gauge coupling. After the renormalisation of its coupling h 
there is only a logarithmic dependence on the momentum scale of the 4D effective gauge 
coupling 5eff(fc^ ^ 1/^5 e)- ^^ ^ higher momentum scale power-like terms in k'^R^RQ < 1 
are present. At even higher momentum scales k'^ S> I/-R5 q, the higher derivative operator 
is important and its coupling h{k'^) has a logarithmic running with respect to fc^. In this 
case the effective gauge coupling has, after renormalisation of h, a power-like dependence 
on the momentum scale. The coefficient of this power-like term in momentum is equal 
to the running coupling of the higher derivative operator. These findings provide a clear 
explanation of the power-like running (with respect to the momentum scale) of the gauge 
couplings in models with extra dimensions. 



5. Higher derivative operators in other schemes and in string theory 

It is interesting to investigate how higher derivative counterterms emerge in other regu- 
larisation schemes and in string theory as well. This is important because their role in 
ensuring the quantum consistency of the models was largely ignored in the literature. To 
this purpose, we consider the effects of the massive Kaluza-Klein modes in a regularisation 
with a momentum cutoff, i.e. the proper-time cutoff regularisation. Note that a proper- 
time cutoff is less suitable as a regulator, since it breaks 4D Lorentz invariance and Ward 
identities. Nevertheless, its use provides a more intuitive picture and will help our physical 
understanding of the important role of higher derivative operators. 

Let us introduce a cutoff regulator 1/A-^ in Il'^yP'''' of ( p. 53 ) and consider this equation 



for the massive mode contributions only, denoted Ilm''^'^, i.e. we exclude the (0,0) mode^^. 

^^See Section 4 in [6] for a similar discussion for the case of a massive scalar field. 

^'^The (0, 0) mode combines with the contribution of n'°'^''' to give 4D Af=l beta function, see footnote [12] 
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which is vahd only if k"^ <^ l/^i q^A^. The prime on the double sum marks the absence of 
the (0, 0) mode. The In A term in the square bracket is the counterpart of the — 2/e pole in 
the DR scheme^^, first term in (^.2|). The A:^ In A term corresponds the k'^/e term in the DR 
scheme, associated with higher derivative operator. These divergences are cancelled by the 
bulk kinetic term and the higher derivative operator, respectively. In addition we obtain a 
quadratic divergence in the regulator A (^^ which cannot appear in the DR scheme. 

To see in more detail the need for a higher derivative operator in this regularisation, 
remember that the momentum k'^ may be regarded as an IR regulator, to ensure the 
finiteness (at t — > oo) of Il'^yP'^'' in ( ^.l| ) when the massless mode (ni,n2) = (0,0) is 
included. One notices that in the last term of ( ^.1| ) the limits A;^ ^ and A^ — > cxd do not 
commute [14]: 
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We therefore have a rather troublesome UV-IR mixing term (UV divergent, IR finite) 
meaning that the two sectors of the theory are not decoupled at the quantum level ! As we 
recall from the comment following ( |3.57 ), a similar UV-IR mixing in the DR scheme was 
cancelled by the renormalisation of a higher derivative counterterm. In a similar way, the 
renormalisation of this operator cancels the log divergence in the last term of (^]^) so that it 
enables the decoupling of the IR from the UV regime. Finally, the logarithmic and quadratic 
divergences in the first two terms of ( ^.l| ) have to be subtracted by the gauge kinetic 
counterterm at a renormalisation point. However, there remains a correction A^R^Rq with 
arbitrary coefficient^^, which may eventually be identified from a more fundamental theory, 
e.g. from the field theory limit of the heterotic string [14,36]. 

What does string theory say about these problems or about the need for higher deriva- 
tive operators at the quantum level? To begin with, it is interesting to observe that in 4D 



In the DR scheme, the massive sector (this excludes the (0,0) mode) gives for k <C l/i?5,6 (^q- (3.57)) 
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'One must not forget that A is actually a regulator and 100 x A is equally good a choice! 
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Ztv orientifold models of type I strings [16], the one loop threshold corrections associated 
with the massive J\f = 2 sector are exactly of the type in ( ^.61) after the tadpole cancel- 
lation condition. Note that this condition "removes" any power-like dependence on the 
string scale. This similarity of the results is interesting, although there does not seem to 
exist a clear field theoretic understanding of this tadpole cancellation condition and what 
that means for the higher derivative operator that we found. This also raises intriguing 
issues such as whether the higher derivative counterterm that emerged and is relevant at 
large radii may be related to the non-perturbative effects of D-branes. 

Next, let us consider the case of the heterotic string toroidal orbifolds T^/Zj\f, N even, 
with "fixed" two-torus under the orbifold action. This brings one-loop string threshold 
corrections due to the M = 2 massive sector of Kaluza-Klein and winding modes [17,18]. 
In the limit of large radii (in units a') non-perturbative effects (world-sheet instanton 
effects) are suppressed to give in the field theory regime: 

jjhyper^^2^Q^Q^ ~ - In Uvre-^^ |7?(iM)|^ u Taj +-T2 + eiR\na', (5.4) 

where T2 = R^R^/a'; u is the usual complex structure (assuming an orthogonal fixed two- 



torus). This result is similar to that in ( ^.Ij) for k"^ = 0, as discussed in detail in [14,36]. 

Although the string provides only an on-shell result (fc^ = 0), the one-loop string 
nevertheless requires an infrared regulator denoted e//?, which plays a role similar to a 
small momentum fc^ ^ 0. The last term in ( |5.4D vanishes when the infrared regulator in 
string is removed em — > 0, assuming a' non-zero. However, a^^ ^ -^stoing i^ ^he string 
scale, which is the counterpart to our UV momentum cutoff regulator A^ [14,36]. One 
immediately observes from the last term in ( |5.4| ) that the limit of removing the infrared 
regulator eiR — > and the limit of large Mgtring or q' — > which is the effective field theory 
regime, do not commute: 

e7ij^0,a'^0] /O. (5.5) 

This is the same problem we encountered in the proper-time cutoff regularisation scheme, 
if we regard em as /c^ — > and Mgtring — > 00 as the counterpart of A^. Therefore there is 
again a UV-IR mixing and a non-decoupling of the high scale physics i.e. of massive modes 
from the 4D low energy limit [14], also encountered in the DR scheme (see comment after 



( 3.57 )). The reason why such effects are usually not discussed in string theory is ultimately 
related to the underlying on-shell approach, which "obscures" the need for higher derivative 
counterterms. The last term in ( ^.4| ) is then a "remnant" of such effects, and a reminder of 
this issue in the heterotic string. This non-decoupling of massive modes in the low-energy 
(4D) raises questions on the consistency of attempts to match string unification scale (in 
the presence of such thresholds) with MSSM-like unification scenarios. This underlines the 
need for a study of the higher derivative operators in string theory^'^ . 



"'For more details on this matter see [14] and Section 3 in [11]. 
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6. Conclusions 

In this paper we performed a general analysis of the one-loop corrections to the self- 
energy of gauge bosons in the framework of 6D J\f = 1 supersymmetric gauge theories 
on orbifolds. We first considered an Abelian gauge theory using the Feynman diagram 
approach in the component field formalism. The analysis was then extended to the case 
of non-Abelian gauge theories on orbifolds. By employing the background field method 
in higher dimensions, we established the general setup for the one-loop effective action for 
gauge bosons and then applied it to the case of the orbifold T^/Z2. As a consequence, we 
have shown that our component field approach is consistent with and complementary to 
the superfield calculation [9,10]. Moreover, the additional benefit of our component field 
approach is that our findings can be easily used in a non-supersymmetric setup. 

In the case of Abelian theories on T'^ jlL^ we computed the divergent and finite parts of 
the one-loop correction to the vacuum polarisation tensor. For the case of a bulk fermion it 
was shown that only bulk corrections are present. The bulk corrections contained a diver- 
gence which had to be cancelled by the introduction of a 6D higher derivative counterterm. 
The loop corrections of a bulk scalar to the gauge boson self-energy were also computed 
to show that there is a bulk (6D) higher derivative as well as brane localised (4D) gauge 
kinetic counterterms. The former is absent in the limit when the two compact dimensions 
collapse onto each other (similar for the bulk fermion), in agreement with the result that 
there is no higher derivative counterterm from the gauge interactions at one loop in 5D^^. 
Combining the bulk scalar and fermion contributions, we showed that a hypermultiplet 
only gives a bulk correction which requires a higher derivative counterterm, in agreement 
with other recent studies [10]. 

The above one-loop results were generalised to the case of non-Abelian gauge theories 
on the T^/Z2 orbifold and many of our results are expected to apply to other 6D orbifolds 
as well. This generalisation was done by first constructing the effective action with a 
background field method in higher dimensions, which was then applied to 6D orbifolds. To 
this purpose, we introduced functional differentiations compatible with the orbifold actions 
on the fields. We found that hypermultiplets provide only bulk corrections, while vector 
multiplets bring in both bulk and boundary-localised corrections. The divergence of the 
bulk correction is cancelled by a 6D higher derivative counterterm while the divergence of 
the brane correction requires 4D boundary-localised gauge kinetic counterterms. Therefore, 
after subtraction of divergences, there are unknown new parameters (couplings) coming 
from these operators in the theory. The bulk correction has a non-perturbative origin 
since we re-summed infinitely many individual (divergent) loop contributions of the bulk 
modes. At the technical level this is related, in part, to a singularity (simple pole) of the 
Hurwitz-Riemann Zeta function in the re-summed correction. We also computed the finite 
part of the bulk correction which gives the momentum dependence of the self energy of the 
gauge boson. After renormalisation of the higher derivative operator, the finite part of the 
bulk correction has, at I? <C 1/-R|g, a familiar, logarithmic dependence on k^ due to the 
massless states only. There are in addition power-like terms (in k'^R^RQ <C 1), strongly 



'Localised superpotential interactions do bring in one- loop higher derivative counterterms in 5D [5, 
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suppressed in this regime, and due to integrated massive modes. At higher scales the finite 
part contains power-hke and exponentially suppressed terms in k^R^RQ. 

We then studied the behaviour of the effective 4D gauge coupling gesik'^), which was 
defined as the coupling of the zero-mode gauge boson. After renormalisation of the higher 
derivative operator coupling, we discussed in detail the running of the effective gauge 
coupling with respect to the momentum scale. In the limit of momenta much smaller than 
the compactification scales, the effective coupling runs logarithmically with the 4D J\f = 1 
beta function and this low-scale running is induced by both bulk and brane terms. 

We also analysed in detail the threshold corrections to the low energy gauge couplings, 
due to massive Kaluza Klein modes with J\f = 2 beta function coefficient. The relation 
of the low energy effective coupling to the tree level coupling shows that there is only 
a logarithmic dependence of (7cff(^^) on the momentum scale, while power- like terms are 
strongly suppressed in the regime k^R^Rg <C 1. This finding has potentially interesting 
consequences for phenomenology, such as the unification of the gauge couplings. This is 
the result after the renormalisation of the higher derivative coupling, which below com- 
pactification scale is essentially constant (no running). It was observed that this result was 
in agreement with that of the 4D Zjv orientifolds of the type I string, where no power-like 
terms are present in the one-loop threshold correction to the low-energy coupling. 

At higher momentum scales, the higher derivative gauge kinetic term is more impor- 
tant. After renormalisation, its coupling has a logarithmic running with respect to the 
momentum scale. At fc^ ~ l/-^i e ^^ provided technical formulae which allow the study 
of the dimensional cross-over regime of the effective gauge coupling. At larger momen- 
tum scales (/c^ > l/i?|g), the initially negligible contribution of the higher derivative term 
to the coupling geg becomes significant and starts to change the running of the effective 
coupling with respect to momentum scale from the logarithmic one to the power-like one. 
This behaviour was studied in detail. At all momentum scales the coefficient of the power- 
like term is equal to the running coupling of the higher derivative gauge kinetic term. 
This is an interesting finding which clarifies the physical meaning of power-like running (in 
momentum) in models with extra dimensions. 

Finally, the importance of the higher derivative operator was emphasised by showing 
the need for them as counterterms in other regularisation schemes and in (heterotic) string 
theory. In particular, it was shown that in these cases there is a UV-IR mixing (UV 
divergent, IR finite) at the quantum level, due to ignoring the quantum role of the higher 
derivative operator. In the (on-shell) heterotic string this can be seen from the fact that 
the field theory limit of the one-loop correction from massive states does not commute 
with the infrared regularisation of the one-loop string. This underlines the need for the 
investigation of the role of higher derivative operators in string theory too. 
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7. Appendix 

A Notations and Conventions 

The metric has the signature qmn = diag(H ); M,N = 0,1,2,3,5,6 are six- 
dimensional indices and ^u, i^ = 0, 1, 2, 3 are four-dimensional ones. The Clifford algebra in 
six dimensions is characterised by 

{r^,r^} = 2<7^^, (r^f = -CT^c-\ c^ = c, c^ = C'\ (a.i) 

An explicit representation for the 8x8 gamma-matrices is 

where 7^^ and 7^ are the four-dimensional gamma matrices, with 

^5^_^Oy^2^3^_Yl2^0^ y (A.3) 

In this basis, the six-dimensional chirality operator is diagonal: 

r^ = r0plp2p3p5p6 =(~^^^^ y (A.4) 

The charge conjugation is then 

where C5 is the five-dimensional charge conjugation. 

After imposing the chirality constraint in six dimensions, the gamma matrices acting 
on right-handed or left-handed 6D spinors are reduced to the following 4x4 matrices, 
respectively, 

^M ^ (^M^^5^_j^) ^^d -M ^ (^M^^5^ j^)^ (A.6) 

In five dimensions, the gamma matrices r"(a = 0, 1, 2, 3, 5) are given by 

r'^ = 7^^, r^ = 7^ (A.7) 

satisfying the following relations: 

{T^Y = -C,T-C^\ Ci = -C5, Cl = C^\ (A.8) 

We note some useful formulae for the traces, used in the text 

Tr[7^7,,] = Agi„y, 

Tr[7^7p7;^7a] = '^{g^lpgva - OfMugpa + gfiagpv), 

Tr[7^7p757i.7a] = -4ie^p^<^, 

Tr[7^7,.7^] = Tr[7^7^75] = Tr[7^7^7^75] = 0. (A.9) 
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In the text we also used the fohowing relations on Casimir operators for a representation 
r (denoted G (N) in the case of the adjoint (fundamental) representation) of the group Q: 

tr(t^t^) = C2(G')<5a6, tr(Or) = CW<5"'- (A.IO) 

with C2{G) = C{G) = N, C{N) = 1/2 and C2{N) = {N^ - l)/2N, in the case of SU{N). 

B Propagators of bulk fields on orbifolds 

We present in the following the propagators on the T^/Z2 orbifold used in the text. On 
the orbifold T^/Z2, the positions z = (x^jXq) in the extra dimensions are identified by 
z -^ —z. For a bulk fermion, we impose the boundary conditions as 

Pip{x,z) = i7]f-f57p{x,-z) =ip{x,z), 

ip{x, z) = ip{x, z + 2tiR^) = ip{x, z + i2TTRQ) (B.l) 

with rjf = ±1. Then, the fermion on the orbifold is written in terms of a fermion on T^ as 

i^(.x,z) = -{l + P)x{x,z) 

= 2 (x(^' ^) + ^Vn^xix, -z)). (B.2) 

By using the fermion propagator on T^ given by 

D{x,z;x',z') = {x{x,z)x{x',z'))^D{p,pJ) = , J "^'^ ^ , (B.3) 

V + 75P5 + P& 

we find the fermion propagator on the T^/Z2 orbifold as 



Drj^{x,z;x',z') = {ip{x,z)ip{x',z')) 

^ D,^{p,pJ) ^ i f T-^^^ - rjf ,J''-'\ ^l^ ■ (B.4) 

2V?5 + 75P5±P6 P + l5P5±P6 J 

Here it depends on the 6D chirality. Now we consider a bulk scalar field satisfying the 
boundary conditions on the orbifold as 

P4>{x,z) = r]s4>{x,-z) =4>{x,z), 
0(x, z) = (j){x, z + 2ttR5) = 4>{x, z + i27ri?6) (B.5) 

with r]s = ±1. Similarly to the fermion case, we can write down the scalar on the orbifold 
in terms of a scalar on the covering space as 

</.(x,z) = -{l+P)^{x,z) 

= 2{'P{x,z)+risip{x,-z)). (B.6) 

Then, we obtain the scalar field propagator on the orbifold as 

G,,(x,z;x',z') ^ {cp{x,z)4>{x',z')) ^ G,s{P,P,0) ^ ifct^f^. (B.7) 

2 p^-pi-pi 



33 



C Details of the one-loop vacuum polarisation to U{1) gauge bosons 

We discuss in the following the detailed derivation of the one-loop vacuum polarisation of 
C/(l) gauge bosons due to the fermionic and bosonic contributions. 

C.l A bulk fermion contribution 

After introducing a Feynnian parameter and shifting the integration momentum, we obtain 
the fermionic correction (|2.9|) as 






(27r)'^ (p2 - A)2 



Vlp^py - 2x(l - x)k^K 



+gA-p^ + ^(1 - x)k^ +^ -{p + A?')]} 



with 



A = -x{l - x){k' - k") + {p + xk'y. 



(C.l) 



(C.2) 



After re-writing the terms proportional to g^y as 

-p^ + x{l - x)k^ + ■ {p +k') = -{p^ - /\) + 2x{l-x){k^ -k'"^) 

+ {l-2x)k' -{^ + xk'), (C.3) 

the correction becomes 



H^ = -^9\r,,^^'-'Y. f/^ j 



d'^p 

(2^ 



"^PflPu 9tMU 



(p2 _ A)2 p2 _ ^ 



+ 



(p2 - A)2 



By using 



2a;(l - x)[{k^ - k'^)g^^ - k^k^] + (1 - 2x)k' ■ {p' + xk')g^^ 
d'^p \ 2p^py g^y 



(C.4) 



(27r)« 



(j»2 _ A)2 p^ - A 



0, 



we end up with the result 



n^. = -V%,A'^E/^-/ 



d<^p 1 

{2ttY {p^ - A)2 



X 2a;(l - x) [{k' - k'')g^y - k^k^] + {1 - 2x)k' ■ {^ + xk')g^y . (C.5) 



used in the text, eq. (| 
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C.2 A bulk scalar contribution 



After using a Feynman parameter and a shift of integration momentum, the bosonic bulk 
contribution ( ^.17 ) is given by 



n 



bulk 



p' 



(C.6) 



Rewriting the terms proportional to g^y as 

p2 + (1 - xfk^ -{p + k'f = (p2 _ A) + (1 - 3x + 2x^){k^ - p2) 

+2{x-l)k'{^ + xk'), 
the bulk correction becomes 



n-- = 4.\,v-'^i:f'^-/ 



'^^v 



d'^p 

(2^ 



'^PfiPiy Qfiu 



(j)2 _ A)2 p2 _ ^ 



+ 



(p2 - A) 2 

+ 4(x - 1)/;;' • {p + xk')g^u 



2(1 - 3x + 2x')ik' - k")g^^ - (1 - 2x)'A;^A:^ 



(C.7) 



(C.8) 



Then, after 4D momentum integration with eq. (|C.q ), the first two terms cancel. Now 

observe that 

.2 D2^ ^ / 1 \ 2k' -{^ + xk') 



{1 - 2x){k^ - k'^) _ d f 1 



(p2 _ A) 2 
Then from the x-integration 

dx — I 



+ 



dx \p2 — Ay (p^ — A)2 



dx yp"^ - Aj p2 _ (pT _^ ^/)2 p2 _ ^ 



we note that the surface term for the Feynman parameter vanishes after the Kaluza-Klein 
summation with the discrete shift in jf. Therefore, we obtain the correction as 



n 



bulk 



->«'^'-%['^l 



d'^p 



1 



{2ttY (p2 - A)2 



X (1 - 2x)\k^ - k'^)g^, - k^k,] + 2(2x - l)k'{i/ + xk')g^, . (C.9) 



used in the text, eq. ( |2.18| ). 



35 



D Results and evaluation of series ^0,1 for 6D orbifolds 

We evaluate (with c > 0, 01^2 > 0, < ci^2 < 1): 

Jv[c;ci,C2] = T[e/2] ^ {ni + ciY tt[c + ai{ni + cif + a2{n2 + C2f] 

rii,n2GZ 

= Y{ni+Ciy _^^-^t[c+a,{n,+c,f+a2{n2+C2?]^ i; = 0,l...; (D.l) 

ni,n2eZ 



This expression was used in the text for v = and f = 1 in eqs. ( |2.1[1| ), ( p. 11 ), (2.12), ( 2.22| ), 
( 2.231 ), ( |3.51] ). In these eqs we assumed a, = l/Rf_^_^, i = 1,2, ci = xR^k'^, C2 = xR^k'^ and 
c = x(l — x){k'^ + A; ^) in Euclidean metric. Since we can always shift Cj by an integer, only 
their fractional part will enter the final result. 

The final value of Jq was given in [6] but in the text we also need to evaluate Ji 
however. Since the proof is similar, and to be general, we present the generic steps to 
evaluate J^- The counterpart of J^ with a factor (n2 + C2Y in front of the integral is 
obtained from the replacements c\ <-^ C2 and oi <-> 02 . Most important for us is to identify 
the poles of Jy, (to find the counterterms) but we also evaluate the finite part which require 



us compute the 0(e) term in the double sum in the first line in ( D.l ). Notation used: 

z{ni) = c + ai{ni + cif , u = ^Ja^Ja2 (D-2) 



_ ^Jzinx) . 
7(ni) = -5^^ iC2\ 



Keeping the sum over n\ fixed, we re-sum (see (|E.4|) ) over 77-2, so that 

/ 

Trt [a2{n2+C2)^+ai(ni+ci)^] 



-Trt [a2(n2+C2)^+ai(ni+ci)^] 
ni 2SZ n2eZ 



y^ g-7rt[a2(n2+C2)^+ai(ni+ci)^] ^ V^ g-7ri [a2(n2+C2)^+aicf] _(_y^ "S^ e 



nx^^Tin-^Ti 



1 

V^ g-7rt[a2{n2+C2)^+aicf] , ^ ST^ ^-Trt ai (ni+ci 



+ 



1 

'ta2 



'ta2 



nieZ 



/ / -2 

-7 — -—TTiai (ni+ci) +2mn2C2 
g t a2 ^ ' 



niGZn26Z 



(D.3) 



The first term has ni = 0, the last two have ni 7^ 0. Then 



J„ = 4-)+4'')+^('^) 



^{v) 



(D.4) 



}Cf , are obtained by integrating term- wise ( |D.3| ) with appropriate coefficients and extra 



ni dependence, see eqs. ( p. 51 ), (D.6), ( D.18| ) below. Their evaluation follows: 
- Calculation oi IC^ : 



/C 



(v) 



n2eZ 



dt 



tl-^/2 



-77 1 [a2(n2-|-C2)^-|-aic^]— TTct 



-c^'ln 



2sin(7ri7(0)) (D.5) 
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which was computed by first performing a re-summation (E^) over 712, and then used the 



integral representation (E.l) of the Bessel function Ki its expression ( |E.2| ), and (| 



- Calculation of IC2 • 

Here we distinguish two cases: if < c/ai < 1 one has: 



1 ^ pc 



dt 



t3/2-e/2 



-ntai (ni+ci)^— Trtc 



1 e 

7r2 2 ^ 


v^ 


(7rai)5-f 



r[-l/2 + e/2] ^ (ni + ci)^ [c + ai(ni + d 



mez 



fc>0 



n A; 



Ol 



r[A;-l/2+e/2] 



C[2fc-g,l+ci] + (-l)\[2A:-g,l-ci] 



(D.6) 

q=v+l—e 



where, in the second line above we used the binomial expansion 



yfc>0 '■ ' 



-\k 



[{n + c 



,2i-s-A; 



(D.7) 



We employed the Hurwitz Zeta function, C[-2i«] = Yln>oi^ + ^)~^) a ^ 0, —1, —2, • • • for 
Re(z) > 1. One has C[z, 1] = (^[z] where C[z] is the Riemann zeta function. Hurwitz zeta- 
function has one singularity (simple pole) at z = 1. Therefore, in the last line in ( p.6| ), 
under the sum, a singularity in Zeta functions is present for those k with 2k — v — 1 = 1. 
When present, this singularity is taken care of by the presence of e in the argument of Zeta 
functions. The presence of such singularity depends on the values of the parameter v. We 
therefore distinguish below two situations: 

(i) V = —2, 0, 2, 4, 6, 8, .... when such a singularity is present in the term with k = v/2 + 1. 
(ii) when v is different from these values. 

In case (ii) the result is already that given by ( p.6| ) where one (is allowed to) sets e = 
since the series does not develop any singularity and converges rapidly under our initial 
assumption for the ratio < c/ai < 1. For case (i), when a singularity develops, we isolate 
the corresponding term in the series from the rest, by using 



C[l + e,l±ci] = --V(l±ci) + 0(e) 

r[v + 1/2 + e/2] = T[v + 1/2] [1 + (e/2) i^iv + 1/2)) + 0{e^) 

x' = l + elnx + C'(e) (D. 



with V'(-2) = {d/dz) lnr[z] the Digamma function. In the remaining terms in the series we 
are allowed to take e — > 0. We find that for v = —2, 0, 2, 4, 6, • • • 
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^2 = \/^'" Yl 



T[k-l/2] 



TTU ■ 



k>0 

T[v/2+l/2] 
iv/2+iy. 



k\ 



ai 



C[2k-v-l,l+ci]+C[2k-v-l,l-ci] 



(D.9) 



k^v/2+l 



-1 «/2+l 



ai 



-2 ^ 

hln 

e 



TTOie 



-i/)(i;/2+l/2)+V(ci)+i/'(-ci) 



U 



\/«i7 



02 



where the series converges quickly if |c/ai| < 1, which justifies our (stronger) initial as- 
sumption < c/ai < 1. This concludes the discussion for case (i). 

Replacing now i; = 0, 1, 2 in the above result, one obtains the appropriate expressions 
for K^^\ K^^' and /C'^^, that we need for our purposes. One has 



/C 



(0) 



vrc 



\/ai«2 



+ ln 



Att oi e 



7£;+»/'(ci)+t/'{-Ci)l 



+ 27r n(- + ct 



r[p+i/2] 

p>i ^^ ' 



ai 



pa 



C[2p+l,l + ci]+C[2p+l,l-ci] , u 



Ol 
02 



(D.IO) 



and 



/C 



(1) 



Vvrn^ 



p>0 

+ 27rnci 



rb + 3/2] 

(p + 2)! 



Ol 



p+2 



C[2p + 2,l + ci]-C[2p + 2,l-ci] 



^(l + 2c?) + - 
3 ai 



u 



= vol/ 



02 



(D.ll) 



Finally 



/C2 =vru 



w+=?+=t 



+ 



vrc 



^alai 



6+=' 



vrc 



4ai^aia2 



-2 ^ 

hln 

e 



47rai e'''^"^+'^('^^)"'"'^(~'^i) 



+ \/7ru^ 



p>0 



rb + 3/2] 

(p + 2)! 



Ol 



P+2 



C[2p+l,l + ci] + C[2p+l,l-ci: 



(D.12) 



In the remaining case 1 < c/ai we examine separately the cases ?; = 0, 1, 2. One shows: 



/C 



(0) 






niGZ 



dt 



-ntai (ni +ci )'^ — tt t c 



^ Jo t3/2-e/2 



(D.13) 



vrc 



V^oloi 



— +ln(^ce^^-^) 
e 



+4 



c 

02 



2 Y^ cos(27rniCi) 

fii>0 



ni 



27r 



Ki 27rni. / — H — ^(c + aiCi 
" ai ' 



This expression was obtained by firstly adding and subtracting a zero mode, which enabled 
us to then re-sum (see ( [E.4| )) the series over ni G Z. We then used the integral represen- 
tation of the modified Bessel functions Ki ( |E.1| ). The pole present is that of the initial 
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"missing" zero mode. The presence of the Bessel function -R'i[2:] which is exponentially 
suppressed (|E.2| ) ensures that the result above converges rapidly in this case too. 
One also has, for v = 1 (again 1 < c/ai): 



K<"s 



k„?j"'^=''r 



niGZ 



1 1 d 



E 



2ai7r Jan dci ^^ L t^/'^-^/'i 



a 


t 


e 


-TTtai (ni +C1 )^—TTtC 


t3/2- 


-e/2 




CO 


dt 




-7riai(ni+ci)2-7rtc 



119 



2„2 



IT C 



2aiTT y/a2 dci \ 2^/a^ 
cos(27rniCi 



+ lnf^ce''^-3/2^ 



+ 4c^ J]] 



i:^2 



ni>0 



n 



47r^ 



(D.14) 



4c Y^ sin(27rnici 



V«i02 



E 

ni>0 



27rci 



^2(sni)H — ^(c + aici)2, ss =27rniy^c/ai (D.15) 



where the series converges rapidly, due to exponential suppression of the Bessel function 
i^2- To evaluate the integral over t with denominator i^l'^-'^l'^ one uses steps identical to 
those for /C2 with the only difference that we encountered an integral representation of 
K2 rather than K\. 

Finally, for the remaining case u = 2 (1 < c/oi): 



/C, 



(2) 



"i„,^^ •''0 



dt 



nieZ 



1 1 d 



E 



^^^da.^j^J, t5/2-./2 



i3/2-e/2 
~ dt 



-ntai{ni+ci)^ —IT t c 



■7rtai(ni+ci)^— TT t c 



(D.16) 



1 1 d ( -Att 



IT ,/a2 dai \ 3 



-(c + aici) 



7r2c2 r-2 



2V^iL 



-vrc 



4ai^aia2 



+ ln( 



vr c e'*'^ 2 



47r^ , 2n^ . / — v^ cos(27rniCi) ^^ , , 
-—{c + aic\)2 +4cV^2^ ^2 -K2{sn^) 



ni>0 



nt 



-2 / ^ _3 

— hln TTce^^ 2 



2c ■^-^cos(27rniCiJ 



E- 



n,/Eur2^^ nl 



+ ^ c + aict 2, 

a/«2 



Sj^^ = l-KhiyJc/ai] c/ai > 1. 



with intermediate steps similar to those for /C, 
- Calculation of /Co : 



(1) 



(D.17) 



Finally, we evaluate the remaining: 
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/c 



(v) 



nieZh2ez 



E ("1 + ^^y 



dt _ZI^_ 



-ntai (ni+ci)^+27rm2 C2—TTtc 



t3/2-./2 



(D.18) 



V] (ni +01)"-^ e 



niGZri2>0 



-27rn2 7(ni) 



+ C.C. 



EK+cirin 

nieZ 



E(^l + ^l)'l^ 

niGZ 



1-e 



-27r7(ni) 



1 _ g-2vr7(ni) 



2 27rcV 



i(c + aic?)2 +c^ln 2sin(7ri7(0)) (D.19) 



using the notations in eq. (D.2). In the last line we re- wrote the result in a form which 



makes explicit the cancellations which occur in the sum of J'y = ICl' + /C2 + ^3 • 

The steps in the calculation of /C3 are similar to those so far: we used the integral 
representation of the Bessel function K1/2 eq. ( p].l| ), then its explicit expression ( p.2| ) and 

(v) 

then the series expansion of the logarithm. The result for /C3 is valid for real v, not only 
for our cases of interest u = 0, 1, 2, regardless of the value c/oi (larger /smaller than 1). 



We can now add the intermediate eqs to obtain J^o,i,2 using eq. ( p.4| ). J^q quoted below 
in ( p:2C| ) and (^]2l|) is found from eqs. ( |Dl| ), ( pTOD , ( pT3| ), ( pT9D . Further, Ji quoted 
in ( p:23|) and (1d3^ ) is found using eqs. (^), (plT| ),( pl5|) , (^H)- Finally J2 quoted 
in (|d35|) and (1d3^ ) is obtained by using (^), (^H), (|DT7|) , (pl9|) . In conclusion we 
have the following: 



Results: If < c/ai < 1 and with notations ( D.2| ), 7(ni) = ^J z{n\) j \/a2 ~ ^^2] and 
z{ni) = c+ai(ni+ci)^, u = Y^a/a2, Sn-^ = 27rni y^c/ai , 7^ = 0.577216... we obtain (in the 
text ai = l/Rl, 02 = 1/Rq 



Jo[c;ci,C2] 

ni6Z 



TTC 



Vai«2 



-27r7(ni) 



-In 



r[p+l/2] r-^TPH 



+ 27rn 



- + c?-(c/ai + c?)^ 






Ol 



C[2p+1, l + ci]+C[2p+l, 1-ci] (D.20) 



while if we have c/ai > 1, then 



Jo[c;ci,C2] 



TTC 



^/olo^ 



-In 



Tree 



7B-1 



"E^^h"^' 



-27r7{ni) 



niSZ 



, 4\/c Y^ cos(27rni ci) 

+ ^^ 2^ ^ i^l(SnJ 



ni>0 



m 



(D.21) 
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The pole structure is the same for both cases; if c/ai > 1 and except the first square 
bracket, no power-hke terms in c are present (the last one being suppressed due to Ki). 
Finally, we quote here a limiting case for the behaviour of the function j7o 



Jo[c<l;0,0] 



vrc 



y/aia2 



+ ln 



In 



47r^ \r]iiy/ai/a2)\^ a^^ 



Inc 



(D.22) 



and this was used in the text in eq. (|3.571 ) 



Further, if < c/ai < 1 
Jl[c,Cl,C2] = 2ttciu 



— -{c/ai+cl)'2+hl + 2cl] 



- ^ (ni + ci) In 1 - e-2^^"i 

nieZ 



+ Vt^u"^ 



p>0 

while if c/ai > 1, then 



r(p + 3/2) 

(p + 2)! 



fli 



p+2 



C[2p + 2, 1 + ci] - C[2p + 2, 1 - ci] (D.23) 



Ji[c,ci,C2] =- ^ (ni+ci) In 

niGZ 



1-e" 



-27r7(ni) 



2 4c 



V ,^1 



E 



ni>0 



sin(27rnici) 



K2(Sn,) (D.24) 



where sa-^ = I'KhwJ cjax. Note that J\ has no poles in e, unlike the case of i7o,2- ^i is 
exponentially suppressed at large argument. 



Finally, if < c/ai < 1 



J2[c,Ci,C2] 



TTC 



1 c 



+ In 47r ai e' 



7-E+'/'(ci)+V'{-ci)-2 



vru 



30 6ai 

rb+3/2] 

,il (p+2)! 



cf l-(c/ai + cf): 



^(ni + ci)2ln i_e-2-7(ni) 

niGZ 



ai 



p+2 



C[2p+l,l+ci]+C[2p+l,l-ci] . (D.25) 



while if c/ai > 1 then: 



J2[c,Ci,C2] 



vrc 
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2c 
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vrc e 
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^(ni + ci)2ln 

niGZ 



1-e 



27r7(ni) 
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cos(27r nici] 



^^/"l^nT^'o ^I 



3i^2(Sni) +Sjii/i:i(SjiJ 



(D.26) 
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where Sn-^ = 2'nh\\J cjax. 

The series with zeta functions converge under the assumption < c/ai < 1. The pres- 
ence of Bessel functions K\^2 (see ( [E.2| )) which are exponentially suppressed with respect to 
their argument (larger than unity) ensures a rapid convergence of the corresponding series. 
Similar expressions exist for X„ = Jv\c^^cr,a^^a2i and are obtained from those above with 
replacements a\ <-> a2) c\ ^^ ci. 



E Definitions of special functions 

The modified Bessel functions Kn{z) used above have the integral representation/definition: 



with 



dxx'^-^e-''"''-''''''' 



Kilx] 



Kolx] 



P 



2v 



KEi2Vab), Re(6), Re(a) > 



(E.l) 




1 + 



15 



8x 128x2 



+ 0{l/x^ 




, 15 105 1 ^^,, , ,, 

l-\ \ ^ + Oil x^) 

8x 128x2 ^ ' ' 



Ki [x] = e" 



vr 



Kslx] = e-^J — 



1 

1 + - 

X 



The definition of the poly-logarithm function used above 

v-^ x"^ 

Li,(x) = JJ — 



X>1 

The one-dimensional Poisson re-summation used in the appendix: 



-7= E ^"" 



y^ g-7rA(n+a)^ 



The Hurwitz Zeta function used in this paper is defined as 



n>0 



(E.2) 



(E.3) 



(E.4) 



(E.5) 



where a 7^ 0, —1, —2, • • • for Re(z) > 1. One has ([z, 1] = (^[z] where ^[z] is the Riemann 
zeta function. Hurwitz zeta- function has one singularity (simple pole) at z = 1. 
We also used the Dedekind function 



7?(r) = e^*^/i2 -Q(;L-e2^'^^'^), 



n>l 



r]{-l/T) = ^/^?7?7(r), r]{T + 1) = e*''/^2^(r). 



(E.6) 
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